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Abstract 

We examine the conditional regularity of the solutions of Navier-Stokes equations in the 
entire three-dimensional space under the assumption that the data are axially symmetric. 
We show that if positive part of the radial component of velocity satisfies a weighted Serrin 
condition and in addition angular component satisfies some condition, then the solution 
is regular. 

1 Introduction 

Let us consider the Navier-Stokes equations in entire three-dimensional space 

+ u ■ Vu - uAu + Vp = in (0, T) x R 3 , 

at /i\ 
divu = in (0,T)xI 3 , W 

u(0,x) = u (x) in R 3 , 

where u : (0, T)xM 3 ^ R 3 is the velocity field, p : (0, T) x R 3 R is the pressure, < T < oo, 
v is the viscosity coefficient, Uo is the initial velocity and the forcing term is, for the sake of 
simplicity, considered to be zero. Our main result is following 

Theorem 1. Let u be a weak solution to problem (QJ) satisfying the energy inequality with 
Uo G W 2 ' 2 (R 3 ) and rue(0) G L°°(IR 3 ). Let uq be axisymmetric. If, in addition, w+ a positive 
part of radial component of velocity satisfies r d u^ G L w ' s ((0,T) x (M 3 fl {r < S\})) for some 
s G (|,oo), w G (I,oo) and d G (—1,1) such that — + - + d = 1 for some positive 8\ and 
r 1_<5 °M6) G L°°((0,T) x R 3 ) for some positive Sq, then (u,p), where p is the corresponding 
pressure, is an axisymmetric strong solution to problem (QJ) which is unique in the class of all 
weak solutions satisfying the energy inequality. 
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It is convenient to write the equations (CQ) in cylindrical coordinates 
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The equation of continuity has the following form in cylindrical coordinates 

u. 



We put 
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u} = curl u. 



u r = -ue~, u e = u r<z - U. r , U) z = u g , + 
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hence we get 
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Suppose that < t* < T is the time of the first blow up of the solutions, i.e. the smaller positive 

number such that sup ||Vu(f, -)IU 2 (iR 3 ) = 00 • Then, for < t < t* the equations (|2l-(jl|) and 

te(o,t*) 

fll])-© are satisfied in ((0, t) x R 3 ) in strong sense. We will show that it is impossible, if w+ 
and ug satisfy our assumptions. 



First we multiply ([3]) by 
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then after integrating by parts we get 
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Next, we multiply (jSJ) by 
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then after integrating by parts we get 
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Thus we have 
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2 Estimate of 7 3 

Proposition 1. For 7 e (0,3), q e(^,2) ; p = (4 ~ 7) ' ? , /i e (-1, 1) and a e (0,1) we have 
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and C = C(7, g,a, £i,£ 2 ,£3)- 
Proof. We have 



J 3 = / 7^,. 



we 



9- 2 We 



,2a 



< 



Ug 


V 

2 


-1 




\ue\ 2 ' 


p 

2 


we 










yl+a- 


MP 
2 





9-1 



Y(2,2) 
< ^1 



/ 


Me 


p-2 


Ug )Z 











\ug\ 



4— p 



we 



2(9-1) 



(13) 



(14) 



£1 



Me 



P-2 



Me,. 



+ C{l/e 1 ) / |rMer 



Me 



14— p— 7 



|we| 2( ^ 1)a |we| 2(<? ~ 1)(1 ~ a) 



r 2+2a- M p+ 7 -ii2_iia r 2a(g-l)a+ii2_Iia r 2a(g-l)(l-o) 



Applying Young inequality with exponents (00, 2(g f 1)o , 2 ( g -i)(i- a ) ) we § et 
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where C depends on ex, e 2 , £3, a and ||rM e || £ oo. But we have [4 — p — 7];^- 
^ [2 + 2 a - /ip + 7 - ^ a] = p/i + 2 . 
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3 Estimate of 7i 

Remark 1. For all q G (l,oo), a and eq satisfy —2 + eq < a < Eq. Then there exists a 
constant C = C(q,a,£o) such that 
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Proof. We have || — || g < c(g) \\u)e\\ q for all q G (1, 00). So we have to verify that r 9( - a+ <j £ °) is 
A q weight. This holds if 

-2 < -q(a + - -e„) < 2(g - 1), 

i.e. — 2 + £ < a < £ . 

□ 

Proposition 2. Assume that zu = ||r 1— ^m^H ^oo < C /or some <5 G (0, |). Tnen /or a// 
7 G (0, 3), q G (j^, 2), a G (1 - 1) n (0, 1), 
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and /or £4, £5 G (0, 1) ine following estimate holds 
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where p = ^ 7 ^ , a = 2/x — |(1 + /i) — 2<y<1 ^ (1 — a), and C = C(e 4 , £5, a, g, S , 7, tu). 
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Proof. We denote k = — ~^ (1 — a). Then we can write 
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We define £0 by equality — uq — 5oP = —q[ ^ 2 7 ^ o"o — ^ (1 — a)] = — g£o- Then using ([16 
we deduce that —2 + £q < a < Eq, hence we can use remark [1] and we get 
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Using the assumption on a we get that b = 1 — ^ satisfies b G (0, 1) and we can write 
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Thus we get 

where C = C(q, 7, zu, £4, £ 5 , a, /x). 
From propositions [TJ and [2] we get 
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Corollary 1. Assume thatw = Wr 1 s "ug\\Loo < C for some 5q G (0 ,|). Then for all 7 G (0,3), 



gG (^,2), a G (l-|^o,l), 
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where p — ^ 4 ^ , a = 2fi— ^(1 + fi) — 2 ^ q ^ (1 — a), and C = C(£i, e 2 , £3, a, g, 5 , 7, ro). 

Corollary 2. Assume that w = ||r 1_<5o Me||L°° < 00 for some <5 G (0, |). T/ien for e G (0, -^) 
such that 

(^f)e<5 Q , (20) 
/or a// £i,£2,£3 G (0, 1) the following estimate holds 
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wherep = 2(1— £ 2 ), q = 2(1— £), /i = j-^ and a = — 2(1— 2£)(l+£)£ andC = C(ex,£ 2 ,£3,5 , / G7,e) 
In particular, for such exponents we have 
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Proof. We have to verify the assumptions of corollary [TJ Therefore we put 7 = 2(1 — e). 
Then 7 G (0,3) and q G (tz-,2) and we set a = 1 - 2(1 - e 2 )e. Then using (JUD we get 



a G (1 — fob !)• Finally, /i = satisfies (fT8|) . because <5o is positive. Then we get ([19 

with p - 1_ — 



2(1 - e 2 ) and a = 2^ - |(1 + n) - ^1(1 - a) = -2(1 - 2e)(l + e)e. 



In order to get (122]) we have to verify that r~ qa is .A 9 weight. Indeed, in our case we have 
- — 2 < a < -. Inequality (1231) we obtain by direct calculations. 
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4 Estimate of I2 

Proposition 3. Assume that for some positive 8\ holds t i— > f(t) = [J R 3 n { r< 5 1 } |?" d u+| s <ia;] 
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where C = C(e\, E2, d~i, s,w, q) and g(t) = /|m+|3°. 

Weak solutions belong to Lt, thus function g{t) is integrable. 

Proof. Let 77 = r)(r) be smooth cut off function such that r)(r) = 1 for r < 5\/2 and rj(r) = 
for r > 8i. The we have 
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In order to estimate 7 2 ,i we put a = 4 and 6 = 5 and then proceeding analogously we get 
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Clearly f | (1 — rj)u£\ 3°r 3 < (2/5i) 5 / 3 J 3° and the last function in integrable^ on (0, T). 
Finally, applying Sobolev imbedding theorem in estimates (125]) and f )26|) we get (J21 
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f/ie following estimate holds 
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wherep = 2(1— e 2 ), q = 2(1— e), // = j-^ and a = — 2(1— 2e)(l+e)e and C = C(u, e, 8 , Si, w, s, 
and g(t) = J \u^\^ . In particular, 
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where C = C'(C, ||/||l 1 (o,t)) anc ^ u ^ s regular on (0, T). 



Proof. Under our assumption we can use corollary [2] and proposition [3] and we get f )29|) and by 

Gronwall lemma we obtain ( 130]) . Then using inequality (122]) we get ess sup ||^rr^|| < const. 

te(o,T) r 9 

and (123]) holds. Therefore we can apply theorem 1 [2] and we deduce the regularity of u. 
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Remark 2. The condition $27\) can be weakened a bit. Namely it is enough to assume that 
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After integrating with respect time we obtain the bound for ess sup M^H ■ 
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